Let G be a finite group and u(G) 
Introduction
In this paper we consider the following problem of H. Lausch. Let G be a finite group, then the set of all transformations (polynomial functions) of the form ( OiSG, x runs through G) forms a semigroup with identity id: x-*-x. Thus the invertible transformations (polynomial permutations) form a group u(G). We are here concerned with groups for which u(G)^{x-*-ax k b}. Lausch (1966) showed that for (o(G), 2) = 1 the condition u(G)^{x-+ax k b} implies that G is nilpotent with Sylow-3-subgroup of class < 3 and Sylow-/>-subgroup (p > 3) of class < 2. Conversely, if (o(G),6)= 1 and G is nilpotent of class < 2 then all polynomial permutations are of the form x-+ax k b. The case o(G} = 3 n was solved in Kowol (1978) : «(<7) £{*->-ax* ft} holds if and only if G satisfies the second Engel condition or equivalently if and only if G is a homomorphic image of a subgroup of P x H, where expP -3 and H is a 3-group of class < 2. 189 t use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700012106 Downloaded from https://www.cambridge.org/core. IP address: 54.70.40.11, on 17 Feb 2019 at 05:29:54, subject to the Cambridge Core terms of G. Kowol [2] Therefore the case 2|o(G) remained unsolved. One result in this direction was derived in Kowol (1977) , where it is shown that G has to be supersolvable. Here we are able to give a more detailed answer to this problem: First, u(G) £ {x -»• ax k b} implies that G is a direct product of a (supersolvable) group M of order 2 m 3 n and a nilpotent group N,(o(N) ,6) = 1, of class =$2. Therefore one only has to study (non-nilpotent) groups of order 2 m 3 n fulfilling the above condition. Under certain trivial restrictions we can describe all such groups G, namely G = <a,&i, ....Agio 2 = b\ = e,b i b i = b^iab^ = e for all i,y>.
All groups considered are finite.
General results
First we show a general group theoretical lemma. Let G be a group and H(G) the subgroup
In Lausch et al. (1966) is proved that H(G) is an abelian characteristic subgroup of G which contains the centre Z(G) of G. [3]
LEMMA 1. H(G) = E if and only ifZ(G) = E.

PROOF. Because of H(G)~3.Z(G)
Polynomial permutations on groups 191 Lausch et al. (1966) implies o(u(G)) = (o(Gjf<p(expG)/o(H(G) ). Now for dihedral groups with (n, 2) = 1, and <p(2n) = <p(n). Furthermore, H(G) = E by Lemma 1 since Z(G) = E for dihedral groups with («,2)= 1. Using all these facts we get the equality 2(n<p(n)) 2 = (2n) 2 f>(«) or y>(«) = 2. (n,2) = l implies the assertion n = 3.
If conversely, G is the dihedral group of order 6, then G is the symmetric group S 3 ; it is known (see Lausch et al. (1966) ) that in this case u{G) holds.
The next theorem already establishes an important property of certain groups belonging to our class. For its proof we need the notion of semi-n-abelian groups (Kowol (1977) ). A group G is called semi-n-abelian if for every geG there exists at least one element a(g)eG, depending only on g, such that
for all heG. As shown in Kowol (1977) , there is a close connection between groups satisfying u(G)s{x-*-ax k b} and semi-n-abelian groups.
THEOREM 1. Let G be a group such that 3 X °(G) and let u(G) ^{x^-ax k b}. Then G is nilpotent.
PROOF. First note that the conditions on G are hereditary to homomorphic images of G (see Lausch and Nobauer (1973) , chapter 5). Using induction, we can therefore assume indirectly that all homomorphic images of G are nilpotent, G itself is supersolvable (Satz 18 in Kowol (1977) ), but not nilpotent (particularly 2|o(G) by the above-mentioned result of H. Lausch (1966) ). Such a group has the following properties: and (hg
If we compare Lemma 4(d) of Kowol (1977) with these equalities we get
n p and G has elementary abelian Sylow-2-subgroups G 2 . Now G 2 is a maximal subgroup of G and thus (c) above and Theorem 1, p. 183, of Baer (1957) imply o(G) = 2p and G is a dihedral group. Since p > 3 by assumption the conditions of Lemma 2 are satisfied, which shows that not all elements of u(G) are of the form x-+ax k b, a contradiction.
For the next proof we recall the following notations: if G is a group, G n will denote an arbitrary Hall w-subgroup (particularly we write G p for a Sylow-psubgroup of G) and if n is a set of primes, IT' means all primes dividing o(G) which are not elements of n. PROOF. We first prove the second assertion of the theorem. Assume that Z 00 (G)2 G {2>3) . is already shown. Then by Hilfssatz VI.12.9 in Huppert (1967) , G = HxG p for some subgroup H of G with p > 3. Continuing in this way with H we get G = G {2)3 } x G {2^} .; the last assertion of the theorem then follows by the theorem of H. Lausch (1966) .
To show Z o (6)2Gj 2j 3)' we can assume by the theorem of Lausch (1966) and Theorem 1 that 6|o(G/Z oo (G)). Considering G/Z W (G) instead of G we also can assume without loss of generality that Z(G) = E. Finally we suppose indirectly that o(G) = 2 m 3 n p$».. P?' with r^3, k t >0. We take I = 3p 3 ...p r +2. I satisfies /<expG and (/,expG)= 1, since / is odd and /=2(mod3). Now G is supersolvable, thus Gy is a normal subgroup of G. Lemma 16(b) of Kowol (1977) implies {g 2 A)' = g* +1 Hg*" 1 for all g,heG and Lemma 4(d) of the same paper further on implies
On the one hand, we get G 3 = G^s GgT 1 , since / -1 = 1 (mod 3), for all Sylow-3-subgroups of G; on the other hand, by the supersolvability of G we have G^}-" 3 G, since G is supersolvable, G^xaG holds too and G = G^ x G^,zy is proved. Considering G/G^ ^ G{zfly we obtain by using Theorem 1 once more that is nilpotent and therefore Z(G)^E, in contrast to the assumption.
Theorem 2 allows us to restrict the investigation of groups G with to the case o{G) = 2 m 3 n , which will be treated in the next section.
The case
We now investigate those groups of order o(G) = 2 m 3™ having the property u(G)^{x^-ax k b}. By Satz 18 of Kowol (1977) these groups are necessarily supersolvable. To get a coherent description of these groups satisfying the above condition we make the additional assumption Z(G) = E. An example will illustrate the significance of this restriction; for this we need some results of Scott (1969) , which we recall in the following:
Let p(x) = a 1 x kl a 2 ...a r x kr a r+1 be an arbitrary polynomial over G. Then 2j=ifc» = /(/>(*)) is called the length of p(x). Finally, let X(G) be the uniquely determined positive integer X(G) = minl(q(x)), the minimum taken over all polynomials q(x) of positive length having the property q(g) = e for all g e G. Now the following results hold:
(1) Let N be a
normal subgroup of G, then (a) X(G/N)\X(G) and (b) X(G)\ X(G/N) X(N) (Proposition 2.3 of Scott (1969)). (2) Let G = G 1 xG i! , then u(G) = u(Gj)xu(G£ if and only if (\(GJ,XG£)\2 (Theorem 2.2 of the same paper).
We now return to the announced example: Let G be a group of order o(G) = 2-3" satisfying u{G)^{x-^ax k b}-it will be shown below that infinitely many (not nilpotent) groups have this property-and let AT be a 2-group of class ^2. Evidently X(K) = 2 m , m suitable. To calculate X(G) we choose N<s G of index 2-iV exists because of the supersolvability of G. Now X(G/N) = 2 and X(N) -3 s , since N is a 3-group. Thus by the result (1) mentioned above A(G)|2-3*. Therefore (A(G), X(K)) 12 and we get by (2) u(GxK) = u(G) x u(K). Now u(G) and u(K) satisfy the condition that all permutation polynomials have the form x^>ax k b by assumption and Satz 4 of Lausch et al. (1966) , respectively. We claim the same for u(GxK); trivially Z(GxK)^E for K^E. Now {p: x-+ax k b,p invertible}£w((7x.flr) and thus 
e^ which means geH(G) and keH{K) and thus h = gk e H(G) x H(K). It follows o(#(G x #)) < o(H(G)) • o(H{K)). Combining these formulas we get
Consequently we have equality. Thus u(GxK) = {p: x->ax k b, p invertible} actually. Note besides that in this case we have shown also
H{G xK) = H{G) x H(K),
a formula which is not trivial at all.
We thus have proved that one can construct to every group G with Z(G) = E and u(G)£:{x->-ax k b}-we shall see below that such a group necessarily has order 2-3™-new ones satisfying the last condition but having a non-trivial centre. 
Then2\o(Z(G)).
PROOF by induction on n. The case n = 0 is trivial thus we assume n> 1. Since G is supersolvable there exists a normal subgroup N of G with o(N) = 3. Considering G/N we obtain by induction that there exists a normal subgroup MjN<i G/N with o(M/N) = 2. Thus there is a K<\G with o(K) = 6. If, on the one hand, Kis abelian, then the Sylow-2-subgroup K 2 is characteristic in A"-o G. Therefore ^-a G and K 2^Z (G) trivially.
If, on the other hand, K = S^, the symmetric group, then G = S 3 xF, since S 3 is a complete group (see, for example, p. 278 in Kurosch (1970) ). We claim «(G) = «(iS 3 ) x u(F). For this purpose it suffices to show X(S^) = 2 because of the result (2) mentioned above. Now 21 A(S r 3 ) (6 using the same argument as in the above example. According to Theorem 3.3 in Scott (1969) 
The equality u(G) = u(S 3 ) x u(F) thus yields o(H(F)) = 2 • o(H(G)).
In particular 2|o(#(.F)). Now #(F) is an abelian characteristic subgroup of/"and therefore
since F is a direct factor of G. We thus have obtained a normal subgroup S of G of order o(S) = 2', f ^ 1. The supersolvability now implies the existence of T<iG, o(T) = 2, which means TT
HEOREM 4. Z-e/ G be a group with o(G) = 2-3 n and let u(G) Furthermore, let Z{G) = E. Then the Sylow-3-subgroup G 3 of G is abelian.
PROOF. First we show that p{x) = JC 2 ex" 1 c 1 is an element of u(G) for every ceG 3 . Assume p(g) = p(h) for g,heG. Now p(x)eu{G 3 ) by Satz 11 of Lausch et al. (1965) , and thus ifg,he G 3 it follows g = h. On the other hand, G = (d}G 3 with d 2 = e and so if geG 3 and hedG 3 a simple calculation would give deG 3 , a contradiction. Therefore we can assume g,he dG 3 , which means g = dr, h = ds with r,seG 3 and />(#) = />(A). This implies the equation Choosing x=.ewe get b c = cq 1 , which implies x 2 cx~1c~1 = a^'a^1. We prove k c = 1 (mod 6) and a c e G 3 for all c e G 3 . For this we choose N<\ G with o(G/N) = 6 (n = 0, that is o(G) = 2, is impossible since Z(G) = 2? by hypothesis)-such an iV exists since G is supersolvable. Then Theorem 5.3.3 in Lausch and Nobauer (1973) yields the equation where v is the natural homomorphism of G onto G/N. If, on the one hand, GIN^Z 6 (the cyclic group of order 6) we obtain x = x k ' and thus k c = 1 (mod 6) for all ceG 3 . If, on the other hand, G/N^S 3 , a simple calculation implies k c =\ (mod 6) for all ceG 3 too-note that v(c)eA 3 , the alternating group.
To show a c e G 3 for all c e G 3 we assume that there exists an element ceG 3 with a c = rf/, f eG 3 -we fix such a c and omit the index c in f c . Choose weZ(G 3 ) with w 3 = e, w#e. We obtain w = dw k 'd~x = dwd~x since fc c = 1 (mod 6), which means weZ(G) = E, a contradiction.
Summarizing we have shown: to every ceG 3 there exists an element a c eG 3 and an element k c eN, fc c =l (mod6) such that (2) x* ex-1 c" 1 = a c x k° a;\ Next we prove that ca c e/^(G3) for all ceG 3 . We put x = y~1 and note that y runs through all elements of G if x does. We obtain y~*cyc~x = a,.^"*'^1 for all yeG. On the other hand, inverting equality (2) and putting x = y we get cyc~xy~^ = a c y~k°a~l for all j>eG. Combining both equalities we derive G. Kowol [10] dihedral group of order 2-3 J with /> 1. Now u(G)^{x^-ax k b} and so G/N has the same property, contradicting Lemma 2.
The converse statement of the theorem will not be proved here. The proof is only technical and runs completely analogous to that given in Schumacher (1970) for dihedral groups. To give an idea we summarize the method used there. Take an arbitrary polynomial function p(x) (invertible or not) with coefficients written in terms of d and g t . Analogously write x in this function in terms of d and g t . Then use the rules which hold in G to calculate p(x). After a terrible computation one can derive conditions forp(x) t6 be invertible, which after tedious calculations yield the exact order of u(G). This order coincides with the number of distinct invertible polynomial functions of the form x->ax k b. It should be mentioned that all these calculations can only be performed in such simple semi-direct products as G is.
PROBLEM. We mention that the case o(G) = 2 n , u(G)^{x->ax k b} still remains unsolved.
